We test stability against probabilistic evolution of sum rules for transverse-momentum-dependent distribution and fragmentation functions. We find that preservation of the Burkardt sum rule for Sivers distribution functions is similar to the conservation of longitudinal momentum related to spin-averaged parton distributions. At the same time, preservation of the Schaefer-Teryaev sum rule for Collins functions is similar to preservation of the Burkhardt-Cottingham sum rule for the spin-dependent g2 structure function.
II. BRANCHING, EVOLUTION OF TRANSVERSE MOMENTS OF SIVERS FUNCTIONS AND THE BURKARDT SUM RULE
Let us first consider the implementation of QCD evolution for TMD functions due to partonic branching processes [6] in the case of T-odd distribution and fragmentation functions. More precisely, we shall address the specific form of the transverse-momentum dependence contained in these functions, which starts with the first power of transverse momentum
A notable example is provided by the Sivers distribution function, which may be expressed in terms of the (purely transverse) two-dimensional Levi-Civita tensor ε lm ⊥ thus
where S ⊥ is the hadron transverse polarisation. This function coincides with f
. We start with the generic evolution equation [6] :
where i and j label the various parton types. Its applicability to the Sivers function is supported, first of all, by the fact that the latter appears in the tensor decomposition of the standard vector-quark correlator. This results in the presence of the unpolarised twist-2 kernel in the evolution equations under study here. However, rigorous analysis requires account to be taken of the effective nature of the Sivers function, which also results in contributions from higher-twist operators. This leads to important modifications: in particular, those due to colour factors [9] . Substituting (2) into both sides of (3) leads to
Rotational invariance guarantees that the second term of (k − q) l ⊥ on the r.h.s. is proportional to the first after integration. Projecting out with the more convenient representation
and, on substituting (5) into (4), one obtains the following TMD evolution equation:
To avoid the singularity on the r.h.s. as k ⊥ → 0, one may introduce
, which enters the Burkardt sum rule and which will be the main subject of our investigation. It thus satisfies the equation
Let us now consider evolution of the second moment of the Sivers function. This enters the sum rule and is related [12] to twist-3 gluonic poles. For this purpose, we first multiply both sides by k 2 ⊥ and then integrate over the entire transverse-momentum plane. On introducing the natural variable p ⊥ ≡ k ⊥ − q ⊥ into the r.h.s., so that
one arrives at the following equation:
Here, in contrast with (4 & 5) , the term linear in q ⊥ integrates to zero and, after a natural rescaling p ⊥ → p ⊥ /u, the evolution equation for the moment takes on the form
We see that it is the DGLAP kernel uP (u), describing the momentum-density evolution, that appears here. This is quite natural, as this moment describes the average magnitude of the transverse momentum emerging owing to its correlation with a spin. Note that evolution [15] of twist-3 gluonic poles at large x is also reduced to multiplicative evolution with the unpolarised kernel [9] , which renders the results obtained compatible with the rigorous twist-3 analysis, at least in that limit. Note also that in deriving this equation no assumption has been made as to the nature of the parton distributions entering either the l.h.s. or r.h.s. This means that similar equations are also valid for the contributions of gluonic TMDs to the evolution of quark distributions as well as for both the gluon and quark contributions to the evolution of gluonic TMDs. As a result, the indices i and j take on the values i, j = q, G (for singlet quark and gluon distributions, respectively). Finally, the first x-moments of the transverse moments entering the Burkardt sum rule evolve like the second moments of spin-averaged distributions. The stability of the Burkardt sum rule has the same origin as the stability of the momentum sum rule for the spin-and transverse-momentum-averaged distributions.
The asymptotic solution is however different: for the usual spin-averaged distribution, evolution leads to the (positive) asymptotic ratio (being actually not too far from the ratio ∼1 found at low and moderate Q 2 . For the Sivers function, the positive asymptotic ratio of the (singlet) quark and gluon distributions is compatible with their opposite signs provided by the Burkardt sum rule if and only if the quark and gluon Sivers function are separately zero in the asymptotic limit. The observed smallness of the gluon Sivers functions indicates that, for some reason, moderate Q 2 values are also not far from the asymptotic limit. Let us also mention that the sum rule is preserved provided integration over all k ⊥ is performed. As soon as it is natural to take the input for the TMDs in Gaussian form (which may be also motivated by making an analogy to non-local vacuum condensates [9, 16] ), evolution leads to the development of a power-like "tail". In the current approach account for such a tail appears to be compulsory, in order to prove stability of the sum rules.
III. EVOLUTION OF THE TRANSVERSE MOMENT OF THE COLLINS FRAGMENTATION FUNCTION AND SCHAEFER-TERYAEV SUM RULE
The evolution of fragmentation functions is also governed by branching processes, which is quite intuitive and was, in fact, established [17] earlier than the similar approach to the evolution of parton distributions explored above. The specific form of the transverse-momentum dependence contained in the Collins function, which also starts with the first power of transverse momentum, may be expressed as
where now S ⊥ is the quark transverse polarisation and i the hadron type. The generic evolution equation [6, 17] :
where δP is the transversity [18] evolution kernel. Its applicability to the Collins function is supported by the fact that the latter appears in the tensor decomposition of the quark correlator containing the Dirac matrix σ µν . Use of rotational invariance, analogously to the case of the Sivers function, leads to the following TMD evolution equation:
As a result, the evolution of the transverse moment of the Collins function is also multiplicative. However, the DGLAP kernel δP is now that of transversity evolution, owing to the presence of the above-mentioned sigma matrix in the quark correlator:
Note that the second moment of δP is entirely unrelated to any longitudinal-momentum evolution. However, if one sums over all finite hadron species i, the integral on the r.h.s. vanishes owing to the Schaefer-Teryaev sum rule. Consequently, its derivative on the l.h.s. is also zero, which justifies its stability. Such preservation of sum rules under evolution due to boundary conditions is, in fact, similar to the case [19] of the Burkhardt-Cottingham sum rule.
IV. CONCLUSIONS
The probabilistic evolution of TMD distribution and fragmentation functions naturally accommodates their sum rules. While preservation of the Burkardt sum rule for the Sivers distribution functions is very similar to that of longitudinal momentum, preservation of the Schaefer-Teryaev sum rule for Collins fragmentation functions appears to have much in common with preservation of the Burkhardt-Cottingham sum rule for the g 2 structure function.
The stability of sum rules against the different and more rigorous evolution equations remains to be studied. This possibility is supported by the compatibility with twist-3 evolution at large x. The approach adopted in [17] is often considered as interpolating between DGLAP [4] and BFKL [20] evolution; so that the observed stability of the sum rules may be a hint as to the interplay between TMD and unintegrated parton distributions (the non-perturbative ingredients of BFKL factorisation).
